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Triple Coordinate Transforms for
Prediction of Falling Cylinder Through
the Water Column
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Triple coordinate systems are introduced to predict translation
and orientation of falling rigid cylinder through the water col-
umn: earth-fixed coordinate (E-coordinate), cylinder’s main-axis
following coordinate (M-coordinate), and hydrodynamic force fol-
lowing coordinate (F-coordinate). Use of the triple coordinate
systems and the transforms among them leads to the simplification
of the dynamical system. The body and buoyancy forces and their
moments are easily calculated using the E-coordinate system. The
hydrodynamic forces (such as the drag and lift forces) and their
moments are easily computed using the F-coordinate. The cylin-
der’s moments of gyration are simply represented using the
M-coordinate. Data collected from a cylinder-drop experiment at
the Naval Postgraduate School swimming pool in June 2001 show
great potential of using the triple coordinate transforms.
@DOI: 10.1115/1.1651093#

1 Introduction
Consider an axially symmetric cylinder with the centers of

mass~X! and volume~B! on the main axis~Fig. 1!. Let (L,d,x)
represent the cylinder’s length, diameter, and the distance between
the two points~X,B!. The positivex-values refer to nose-down
case, i.e., the center of mass~COM! is lower than the center of
volume ~COV!. Three coordinate systems are used to model the
hydrodynamics of falling cylinder through the water column:
earth-fixed coordinate~E-coordinate!, cylinder’s main-axis fol-
lowing coordinate~M-coordinate!, and hydrodynamic force fol-
lowing coordinate ~F-coordinate!. All the systems are three-
dimensional, orthogonal, and right-handed.

2 Triple Coordinate Systems

2.1 E-Coordinate. The E-coordinate is represented by
FE~O,i,j ,k) with the origin ‘‘O,’’ and three axes:x, y-axes~hori-
zontal! with the unit vectors~i,j ! and z-axis~vertical! with the unit
vectork ~upward positive!. The position of the cylinder is repre-
sented by the position of the COM,

X5xi1yj1zk, (1)

which is translation of the cylinder. The translation velocity is
given by

dX

dt
5V, V5~u,v,w!. (2)

2.2 M-Coordinate. Let orientation of the cylinder’s main-
axis ~pointing downward! is given by iM . The angle betweeniM
andk is denoted byc21p/2. Projection of the vectoriM onto the
(x,y) plane creates angle (c3) between the projection and the
x-axis ~Fig. 2!. The M-coordinate is represented by
FM(X,iM ,jM ,kM) with the origin ‘‘X,’’ unit vectors (iM ,jM ,kM),
and coordinates (xM ,yM ,zM). In the plane consisting of vectors

iM andk ~passing through the pointM, called the IMK plane!, two
new unit vectors (jM ,kM) are defined withjM perpendicular to the
IMK plane, andkM perpendicular toiM in the IMK plane. The unit
vectors of the M-coordinate system are given by~Fig. 2!

j M5k3 iM , kM5 iM3 j M . (3)

The M-coordinate system is solely determined by orientation of
the cylinder’s main-axisiM . Let the vectorP be represented byEP
in the E-coordinate and byMP in the M-coordinate, and letM

E R be
the rotation matrix from the M-coordinate to the E-coordinate,

M
E R~c2 ,c3![F r 11 r 12 r 13

r 21 r 22 r 23

r 31 r 32 r 33

G5F cosc3 2sinc3 0

sinc3 cosc3 0

0 0 1
G

3F cosc2 0 sinc2

0 1 0

2sinc2 0 cosc2

G , (4)

which represents (iM ,jM ,kM),

iM5F r 11

r 21

r 31

G , j M5F r 12

r 22

r 32

G , kM5F r 13

r 23

r 33

G . (5)

Transformation ofMP into EP contains rotation and translation,

EP5M
E R~c2 ,c3!MP1X. (6)

Let the cylinder rotate around (iM ,jM ,kM) with angles
(w1 ,w2 ,w3) ~Fig. 2!. The angular velocity of cylinder is calcu-
lated by

v15
dw1

dt
, v25

dw2

dt
, v35

dw3

dt
, (7)

and

c15w1 ,
dc2

dt
5

dw2

dt
5v2 ,

dc3

dt
Þ

dw3

dt
. (8)

If ( v1 ,v2 ,v3) are given, time integration of~7! with the time
interval Dt leads to

Dw15v1Dt, Dw25v2Dt, Dw35v3Dt. (9)

The increments (Dc2 ,Dc3) are determined by the relationship
between the two rotation matricesM

E R(c21Dc2 ,c31Dc3) and

M
E R(c2 ,c3)

M
E R~c21Dc2 ,c31Dc3!

5M
E R~c2 ,c3!F cos~Dw3! 2sin~Dw3! 0

sin~Dw3! cos~Dw3! 0

0 0 1
G

3F cos~Dw2! 0 sin~Dw2!

0 1 0

2sin~Dw2! 0 cos~Dw2!
G . (10)

2.3 F-Coordinate. The F-coordinate is represented by
FF(X,iF ,jF ,kF) with the origin X, unit vectors (iF ,jF ,kF), and
coordinates (xF ,yF ,zF). Let Vw be the fluid velocity. The water-
to-cylinder velocity is represented byVr5Vw2V, that is decom-
posed into two parts,

Vr5V11V2 , V15~Vr• iF!iF , V25Vr2~Vr• iF!iF ,
(11)
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whereV1 is the component paralleling to the cylinder’s main-axis
~i.e., along iM), and V2 is the component perpendicular to the
cylinder’s main-axial direction. The unit vectors for the
F-coordinate are defined by~column vectors!

iF5 iM5F r 11

r 21

r 31

G , jF5V2 /uV2u, kF5 iF3 jF . (12)

The F-coordinate system is solely determined by orientation of the
cylinder’s main-axis (iM) and the water-to-cylinder velocity. Note
that the M and F-coordinate systems have one common unit vec-
tor iM ~orientation of the cylinder!.

Let F
ER be the rotation matrix from the F-coordinate to the

E-coordinate,

F
ER~c2 ,c3 ,fMF![F r 11 r 128 r 138

r 21 r 228 r 238

r 31 r 328 r 338
G , fMF[~ j M ,jF!,

(13)

which leads to

iF5F r 11

r 21

r 31

G , jF5F r 128

r 228

r 328
G , kF5F r 138

r 238

r 338
G . (14)

Here,fMF is the angle between the two unit vectors (j M ,jF). Let
the vectorP be represented byFP in the F-coordinate. Transfor-
mation ofFP into EP contains rotation and translation,

EP5F
ER~c2 ,c3 ,fMF!FP1X. (15)

Use of the F-coordinate system simplifies the calculations for the
lift and drag forces and torques acting on the cylinder. Since the
M and F-coordinates share a common axisiM5 iF , the rotation
matrix from the F to M-coordinate systems is given by

F
MR5E

MR E
FR5M

E R21~c2 ,c3!F
ER~c2 ,c3 ,fMF!

5F 1 0 0

0 e22 e23

0 e32 e33

G , (16)

is two-dimensional with the rotation matrix given by

F
ME5@e2 e3#, e25Fe22

e32
G , e35Fe23

e33
G . (17)

Let the cylinder rotate around (iF ,jF ,kF) with the angular ve-
locity components represented by (v18 ,v28 ,v38) ~Fig. 2!. They are
connected to the angular velocity components in the M-coordinate
system by

v185v1 , Fv28

v38
G5M

F EFv2

v3
G . (18)

3 Prediction of Hydrodynamic Characteristics
of Falling Cylinder

3.1 Translation Velocity. The translation velocity of the
cylinder ~V! is governed by the momentum equation in the
E-coordinate system,

d

dt F u
v
w
G52F 0

0
~12rw / r̄ !g

G1
1

r̄P F Fx

Fy

Fz

G , (19)

whereg is the gravitational acceleration;r̄ is the average cylinder
density;rw is the water density;P is the cylinder volume; and
r̄P5m, is the cylinder mass; (Fx ,Fy ,Fz) are the hydrodynamic
force ~including drag and lift forces! components. The drag and
lift forces are calculated using the drag and lift laws with the
given water-to-cylinder velocity (Vr) that is calculated using the
F-coordinate.

3.2 Cylinder’s Orientation. It is convenient to write the
moment of momentum equation

Fig. 1 M-coordinate with the COM as the origin X and „ im,jm…
as the two axes. Here, x is the distance between the COV „B…

and COM, „L ,d … are the cylinder’s length and diameter.

Fig. 2 Three coordinate systems
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J•
dv

dt
5Mb1Mh , (20)

in the M-coordinate system with the cylinder’s angular velocity
components (v1 ,v2 ,v3) defined by~7!. Here,Mb andMh are the
body and surface force torques. The moment of gyration tensor for
the axially symmetric cylinder is a diagonal matrix

J5F J1 0 0

0 J2 0

0 0 J3

G , (21)

where J1 , J2 , and J3 are the moments of inertia. The gravity
force, passing the COM, doesn’t induce the moment. The buoy-
ancy force induces the moment in thejM direction if the COM
doesn’t coincide with the COV~i.e., xÞ0!,

Mb5Pxrwg cosc2jM . (22)

The moment of the hydrodynamic force iniF direction is not
caused by the drag and lift forces, but by the viscous fluid. The
moment of the viscous force is calculated by~White @1#!

M v152Cm1v1iF , Cm1[pmLd2. (23)

When the cylinder rotates aroundjF with the angular velocityv28 ,
the drag force exerts the torque on the cylinder in thejF direction
(Md2) and in thekF direction (Md3). The lift force exerts the
torque on the cylinder in thejF direction (M l2). The moment of
hydrodynamic forceMh

Mh5M v11Md21Md31M l2 (24)

is represented in M-coordinate. Note that the M and F-coordinate
systems have the samex-axis, iM5 iF . The equations for
(v1 ,v2 ,v3) are given by

dv1

dt
52a1v1 , (25)

d

dt Fv2

v3
G52B•Fv2

v3
G1a2 , (26)

where

a1[
Cm1

J1
58pmL/m,

B[F 1

J2
0

0
1

J3

G •~Cm2e2e2
T1Cm3e3e3

T2Cmle2e3
T!,

(27)

a2[F 1

J2
0

0
1

J3

G •~M1e22M3e3!1
Pxgrw

J2
cosc2F10G .

Here, Ml[1/2drw /(11 f r)LV2
2x, M3[1/2Cd2drw /(1

1 f r)V2
2Lx, and f r is the added mass factor for the moment of

drag and lift forces. Equation~25! has the analytical solution

v1~ t !5v1~ t0!exp@2a1~ t2t0!#, (28)

which represents damping rotation of the cylinder around the
main axis (iM). The Euler-typed forward difference is used to
solve the five Eqs.~19!, ~26!, and~28!.

4 Model Evaluation
The Cylinder Drop Experiment~CYDEX! was conducted at the

Naval Postgraduate School~NPS! in July 2001~Chu et al.@2#! to
evaluate the three-dimensional theoretical model. It consisted of

dropping cylinders whose physical conditions are illustrated in
Table 1 into the water and recording the position as a function of
time using two digital cameras at~30 Hz! as the cylinders fell 2.4
meters to the pool bottom. After analyzing the CODEX experi-
mental data, seven general trajectory patterns~Table 2! are iden-
tified: straight, slant, spiral, flip, flat, see-saw, and combination
~Fig. 3!. Dependence of the trajectory patterns on the cylinders’
physical parameters and release conditions are illustrated in Table
3. The theoretical model predicts the motion of cylinder inside
the water column reasonably well. Two examples are listed for
illustration.

Positive x „Nose-Down…. Cylinder #1 (L515.20 cm, r̄
51.69 g cm23) with x50.74 m is injected to the water with the
drop angle 45 deg. The physical parameters of this cylinder are
given by

m5322.5 g, J15330.5 g cm2, J25J355783.0 g cm2.
(29a)

Undersea cameras measure the initial conditions

x050, y050, z050, u050, v0521.55 m s21,

w0522.52 m s21,
(29b)

c1050, c20560 deg, c305295 deg, v1050,

v2050.49 s21, v3050.29 s21.

Substitution of the model parameters~29a! and the initial condi-
tions~29b! into the theoretical model~~19!, ~26!, ~28!! leads to the
prediction of the cylinder’s translation and orientation that are
compared with the data collected during CYDEX at time steps
~Fig. 4!. Both model simulated and observed tracks show a slant-
straight pattern.

Table 1 Physical parameters of the model cylinders

Cylinder Mass~g! L (cm)
Volume
~cm3!

rm

~g m23!

J1

~g m2!

x
~cm!

J2(J3)
~g m2!

322.5 15.20 191.01 1.69 330.5 0.00 6087.9
1 0.74 5783.0

1.48 6233.8
2 254.2 12.10 152.05 1.67 271.3 0.06 3424.6

0.53 3206.5
1.00 3312.6

3 215.3 9.12 114.61 1.88 235.0 0.00 1695.2
0.29 1577.5
0.58 1556.8

Table 2 Trajectory patterns

Trajectory
Pattern

Description

Straight Cylinder exhibited little angular change aboutz-axis. The
attitude remained nearly parallel with z-axis~615 deg!.

Slant Cylinder exhibited little angular change about z-axis. The
attitude was 45 deg offz-axis ~615 deg!.

Spiral Cylinder experienced rotation aboutz-axis throughout the
water column

Flip Initial water entry point rotated at least 180 deg
Flat Cylinder’s angle with vertical near 90 deg for most of the

trajectory
Seesaw Similar to the flat pattern except that cylinder’s angle with

vertical would oscillate between greater~less! than 90 deg
and less
~greater! than 90 deg like a seesaw

Combin-
ation

Complex trajectory where cylinder exhibited several
of theabove patterns

Journal of Applied Mechanics MARCH 2004, Vol. 71 Õ 3
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Negative x „Nose-Up…: Cylinder #2 (L512.10 cm, r̄
51.67 g cm23) with x521.00 cm is injected to the water with
the drop angle 30 deg. The physical parameters of this cylinder
are given by

m5254.2 g, J15271.3 g cm2, J25J353312.6 g cm2.
(30a)

Undersea cameras measure the initial conditions

x050, y050, z050, u050, v0520.75 m s21,

w0520.67 m s21,
(30b)

c1050, c20524 deg, c305296 deg, v1050,

v20525.08 s21, v3050.15 s21.

The predicted cylinder’s translation and orientation are compared
with the data collected during CYDEX at time steps~Fig. 5!. The
simulated and observed tracks show flip-spiral pattern. The flip

Fig. 3 Cylinders’ track patterns observed during CYDEX
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occurs at 0.11 s~0.13 s! after cylinder entering the water in the
experiment~model!. After the flip, the cylinder spirals down to the
bottom.

5 Conclusions
~1! Triple coordinate systems are suggested to predict the

translation and orientation of falling rigid cylinder through water
column: earth-fixed coordinate~E-coordinate!, cylinder’s main-
axis following coordinate~M-coordinate!, and hydrodynamic
force following coordinate~F-coordinate!. It simplifies the com-
putation with the body and buoyancy forces and their moments in
the E-coordinate system, the hydrodynamic forces~such as the

drag and lift forces! and their moments in the F-coordinate, and
the cylinder’s moments of gyration in the M-coordinate.

~2! Usually, the momentum~moment of momentum! equation
for predicting the cylinder’s translation velocity~orientation! is
represented in the E-coordinate~M-coordinate! system. Transfor-
mations among the three coordinate systems are used to convert
the forcing terms into E-coordinate~M-coordinate! for the mo-
mentum~moment of momentum! equation. A numerical model is
developed on the base of the triple coordinate transform to predict
the cylinder’s translation and orientation.

~3! Model-experiment comparison shows that the model well
predicts the cylinder’s translation and orientation. However, the
performance of the numerical model forx50 is not as good as for
xÞ0.

Table 3 Trajectory patterns for nose-down dropping „xÌ0…

Cylinder Length~cm! 15.20 12.10 9.12
x ~cm! 1.48 1.00 0.58

Drop angle 15 deg Straight~1! Straight~1!, Spiral ~1! Spiral* ~2!
Slant-straight* ~3! Slant-straight* ~2! Straight-slant~1!

Slant-straight~1!
Drop angle 30 deg Straight~1! Slant ~1!, Spiral ~1! Spiral* ~5!

Slant-straight* ~4! Straight~1!
Slant-straight* ~2!

Drop angle 45 deg Slant* ~2!, Straight~1! Straight~1! Spiral* ~4!
Slant-straight~1! Spiral* ~2! Slant-spiral~1!
Straight-spiral~1! Straight-spiral~1!

Slant-straight~1!
Drop angle 60 deg Straight** ~5! Straight* ~3! Spiral* ~4!

Straight-spiral~1! Straight-spiral~1!
Straight-slant~1!

Drop angle 75 deg Straight** ~5! Straight~2! Spiral ~2!, Slant~1!
Straight-spiral~3! Straight-spiral~2!

Fig. 4 Movement of Cylinder #1 „LÄ15.20 cm, r̄Ä1.69 g cm À3
… with xÄ0.74 m and drop angle 45 deg obtained from „a… experi-

ment, and „b… recursive model
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Fig. 5 Movement of Cylinder #2 „LÄ12.10 cm, r̄Ä1.67 g cm À3
… with xÄÀ1.00 cm and drop angle 30 deg obtained from „a…

experiment, and „b… recursive model
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